STRUCTURES AND OPERATORS
ON ALMOST-HERMITIAN MANIFOLDS(*)

BY
CHUAN-CHIH HSIUNG

Introduction. It is well known (see, for instance, [6, §9.2]) that for a Kéhlerian
structure the real Laplace-Beltrami operator A commutes with real operators L
and A defined in §3, and the complex Laplace-Beltrami operator [] is real and
equal to 3 A. The purpose of this paper is to study the converse of these three
properties of Kéhlerian structures.

§§1 and 2 contain fundamental notations and definitions of various almost-
Hermitian structures, as well as real and complex operators, on an almost-Her-
mitian manifold. In §3 we shall prove

THEOREM 3.1. For an almost-Hermitian structure of dimension n (= 2),
if A commutes with the operator Lor A with respect to all forms of any degree
p O<p=n-—2), then the structure is Kdihlerian.

It is known that the commutativity of A with Lor A plays a crucial role in the
proof of the Hodge’s well-known theorem concerning the relationship between
the effective harmonic forms and Betti numbers of compact Kihlerian manifolds.
Thus Theorem 3.1 kills a possibility of extending the Hodge’s theorem to more
general manifolds. It should also be noted that recently Weil [7] used the com-
mutativity of some operators to characterize Chern’s generalization of Kihlerian
structures. From Weil’s result and our Theorem 3.1 here it seems natural to
characterize a structure by using the commutativity of some operators.

In §4 we study the realization of the complex operator [J by establishing the
following theorems.

THEOREM 4.1. The complex operator [] for an almost-Hermitian structure
is real with respect to every form of degree O if and only if the structure is almost-
semi-Kdhlerian. Moreover, with respect to every form of degree 0, if [] for an
almost-Hermitian structure is real, then [ = 1A.
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STRUCTURES AND OPERATORS ON HERMITIAN MANIFOLDS 137

THEOREM 4.2. If for an almost-Hermitian structure the relation [J=31A
holds for all forms of degrees 0 and 1, then the structure is Kdhlerian.

Kodaira and Spencer [4] have shown that if the relation [J = 4A holds for an
almost-Hermitian structure, then the structure is integrable. Theorem 4.2 was a
conjecture for some time, and was proved very recently by A. W. Adler [1] by a
different method under a stronger assumption that the relation ] =4A holds
for a Hermitian structure and all forms of degrees 0, 1 and 2.

For more general case we shall have

THEOREM 4.3. For an almost-Hermitian structure, if the complex operator []
is real with respect to all forms of degrees 0 and 1, then it is also with respect
to all forms of degree 2.

It seems that the conclusion of Theorem 4.3 could be extended to all forms of
degree p (> 2). However, due to the complication of the calculation the author
is unable to show it.

Throughout this paper, the dimension of a manifold M” is understood to be
n ( 2 2), and all forms and structures are of class at least C2.

The author is indebted to the referee for his suggestion in regard to the proof of
Theorem 3.1 in the present form.

1. Notations and real operators. Let M”"” be a Riemannian manifold of
dimension n ( = 2), ” gij || with g;; = g;; the matrix of the positive definite metric
of the manifold M", and “ gh ” the inverse matrix of “ 8ij " Throughout this
paper all Latin indices take the values 1,---,n unless stated otherwise. We shall
follow the usual tensor convention that indices can be raised and lowered by using
g¥and g; ; respectively; and that when a Latin letter appears in any term as a
subscript and superscript, it is understood that this letter is summed for all the
values 1,---,n. Moreover, if we multiply, for example, the components a;; of
a tensor of type (0,2) by the components b’ of a tensor of type (2,0), it will
always be understood that j is to be summed.

Let N be the set {1,---,n} of positive integers less than or equal to n, and I(p)
denote an ordered subset {i,---,i,} of the set N for p < n. If the elements i,,---,i,
are in the natural order, that is, if i; < --- < i,, then the ordered set I(p) is denoted
by Io(p). Furthermore, denote the nondecreasingly ordered p-tuple having the
same elements as I(p) by <I(p)), and let I(p; § ] J) be the ordered set I(p) with the
s-th element i, replaced by another element j of 9, which may or may not belong
to I(p). We shall use these notations for indices throughout this paper. When
more than one set of indices is needed at one time, we may use other capital
letters such as J, K, L, --- in addition to I.

At first we define
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0, if <J(p)> # <K(p)>,

(1.1) B =40, if J(p) or K(p) contains repeated integers,
+1or — 1, ifthe permutation taking J(p)into K(p)iseven or odd.

By counting the number of terms it is easy to verify that

(@) (n=p) 1 _ J(n—p)

1.2 31%. @ p)sl(p;.K(n—p) = P!sx?:-—;)a
I(p)J(q) L(P) _ L(p)J(q)

(1.3) XD er = PleKig-

On the manifold M", let V denote the covariant derivation with respect to the
affine connection I', with components l“}k in local coordinates x!,---,x" of the
Riemannian metric g, and let ¢ be a differential form of degree p given by

(14 b =21 Brdx"P = by
where @y, is a skew-symmetric tensor of type (0, p), and we have placed
(1.5) dx'® = dx' A -+ A dx™.
Then we have
(1.6) dp = (dP)1o(p+1)dx"*C* Y,
where
(%)) AP1p+1y = % 3’;‘(,1(;‘-’!-)1)vk¢.l(p)°
Denote
(1.8) erm = 31%.3"@“ (g ij))llz°

Then by using orthonormal local coordinates x!,---,x" and thefrelation (1.2) we
can easily obtain

1.9 erprm-pe TP = pl g D)
The dual operator # is defined by (for this see, for instance, [5])
(1.10) ¢ = (%) 1o(n—pydx°" 7P,
where
1
(1.11) ("d’)l(n-p) = ;,‘ eJ(p)I(n—p)¢J(p)'

From equations (1.10), (1.11) it follows that for the scalar 1
(1.12) #1 = (det (g,)))"2dx* A -+ A dx",
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which is just the element of area of the manifold M". By using orthonormal local
coordinates x!,---,x" we can easily verify that

(1.13) *x = (— 1P P,

Denote the inverse operator of * by * ~*. Then from equation (1.13) it is seen that
on forms of degree p

(1.14) 27l = (—1)P Py
The codifferential operator ¢ is defined by
(1.15) dp=(—1*"*" "¢,
Making use of equations (1.6), (1.7), (1.10), (1.11) we obtain immediately
(1.16) 56 = (3)1y(p-1ydx"" Y,
where
(1.17) (5¢)I(p—1) == vj¢j1(p—1)'
By means of equations (1.13), (1.14) it is easy to verify that
(1.18) Ax=xA,

where A is the Laplace-Beltrami operator defined by
(1.19) A=46d+do.
For a form ¢ of degree p defined by equation (1.4) we can have

p

P =~ VVbipn+ ;l PromaR’s,

(1.20%n

1,...,0 ab

+ X Droisia, R i, ie,

s<t
where
(1.21) Vi =g*v,,
1.22) R}y = 0TS, [0x'— 0T} [ox* + T )T — ThT,
(1.23) Rjk = R’jks'

2. Complex structures and operators. On a Riemannian manifold M" with
metric tensor g,;, if there exists a tensor F ; of type (1,1) satisfying

@1) FIF = -4,

then F,’is said to define an almost-complex structure on the manifold M", and
the manifold M" is called an almost-complex manifold. From equation (2.1) it
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follows that the almost-complex structure F,! induces an:automorphism J of
the tangent space of the manifold M "at each point with J> = — I, I being the
identity operator, such that, for any tangent vector v*,

2.2 J:v > F R
If an almost-complex structure F; further satisfies
23) g F' Fi' = g

then F/is said to define an almost-Hermitian structure on the manifold M’
and the manifold M" is called an almost-Hermitian manifold. From equations (2.1),
(2.3) it follows that the tensor F;; of type (0,2) defined by

k
24 F;; = guF;

is skew-symmetric. Thus on an almost-Hermitian manifold we have the associated
differential form

(2.5) o = F;dx' \dx’.

By using the multiplication of matrices, from equation (2.1) we readily see that a
necessary condition for the existence of an almost-complex structure on a Rieman-
nian manifold M" is that the dimension n of the manifold M" be even. It should
also be remarked that an almost-complex manifold is always orientable, and the
orientation depends only on the tensor F;’.

An almost-Hermitian structure F,’ defined on a manifold M" is called an almost-
Kihlerian structure and the manifold M" an almost-Kihlerian manifold, if the
associated form w is closed, that is,

(2.6) do = 0.

From equations (2.5), (2.6) it follows that an almost-Kihlerian structure F]
satisfies

(2.7) FhijE VhFij+ v‘th‘i' VIF'”'=O.

The tensor F;; is obviously skew-symmetric in all indices.
An almost-Hermitian structure F; (respectively manifold) satisfying

is called an almost-semi-Kihlerian structure (respectively manifold). In particular,
the structure F/ is Kihlerian if V,F j" = 0. In this case, by means of equation
(2.1) it is easily seen that the torsion tensor

t,* = F0F *|ox" — OF * |ox*) — F *(0F }* |ox" — oF * |ox)

vanishes, so that the integrability condition of the almost-complex structure F,/
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is satisfied. But in general when ¢;;*=0, the almost-Hermitian structure F’ is
defined to be Hermitian.
Multiplying equation (2.4) by F* we obtain

29 F F"= —¢].

By taking covariant differentiation of both sides of equation (2.9), noticing that
(2.10) FYV,F; =0,

and making use of equations (2.7), (2.8) it is easily seen that

(2.11) Fy;;F¥ = 2F,'F;.

Thus an almost-semi-K#hlerian structure F,/ satisfies

.12 Fy;FU=0.

Multiplication of equation (2.11) by F,* and a use of equation (2.9) give

(2.13) F,= — -;- F,;FUF,.

From equations (2.7), (2.8), (2.13) we hence reach that an almost-Kdhlerian
structure or manifold is also almost-semi-Kdhlerian.

We now consider an almost-Hermitian manifold M” with an almost-Hermitian
structure F; so that equation (2.3) holds, and shall introduce complex operators
(compare [6, Chapter IX]) on the manifold M" At first we define

.1 .
(2.14) oJ== g/ =J(=DF))
and its conjugate(?) tensor

= 1
(2.15) o/ =17 == (¢! +(=DF))

0,1 1,0
Let p+o=p,p=0, 0=0, and set

I0) _ MpING@) . .
My =¢rgy Oy I,

my
p,0 1,0 1,0

(2.16)

. st 5opd(B)
511"' OHI n. "€Ro(p)So()*

Then for a form ¢ given by equation (1.4) we have
@.17) me= ( I ¢),o(,)dx’°("),
p,0 p,0

(2) Throughout this paper a bar over a letter or symbol denotes the conjugate of the com-
plex number or operator defined by the letter or symbol.
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where

(2.18)] (H ¢) = ,}-I“I(P)Jow)qslo(p)'

po
I(p)

We next define a complex covariant differentiator

(2.19) D, = lnog' v,

and the corresponding contravariant differentiator

(2.20); PD=g*9, = N ,/VI= TV,
0,1 1,0

where

2.21) Vi=g¥v,

The conjugate operators of Z; and 2° are

(2.22)1 2,= 1/9,
0,1

. P — iz

(2.23) D = 1Ho ;.

Furthermore, for a form ¢ given by equation (1.4) we define the complextanalogues
of the real operators d and ¢:

@)1y = ( S mam "5)1(,,“,

pte=p p+tl,c p,0

(2.2%9) F
B ﬂ+§=p p-H at(p+1)jJ°(p)gJ¢Jo(p)9
®Dip-1y = ( > IImImé1 ¢)
(2 25) pta=p pe—1 p,0 I(p—1)

F
J i
= = X Iye-1y"P29s,0
pte=p p,o

The conjugate operators of d and D have the forms

(5¢)I(p+1) = (p z Inan ¢)I(p+l)

+6=p p,o+1 p,c

(2.26)

Voo
IR | N T T
pta=p po+1
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Oo-n= (= momg)

pto=p p—1,0 p,o

(2.27)

J i
= = X Iyp-1y°P2'%s0)
pto=p p,e

Now we introduce a complex Laplace-Beltrami operator

(2.28) O0=20+
and its conjugate operator
(2.29) . 0 =20+ dD.

3. Proof of Theorem 3.1. Let M" be an almost-Hermitian manifold with an
almost-Hermitian structure F; so that equation (2.3) holds. Then on the manifold
M" we can define the real operators Land A as follows:

(3.1) Lé=¢ No
for any form ¢, and
3.2 A =%""'Lsx,

From the known fact that A commutes with  and * ™, it follows from equation
(3.2) immediately that if A commutes with L, it also commutes with A. Therefore
it is sufficient to prove the theorem under the commutativity of A with A, that is,
under the condition that for all forms ¢ of any degree p (0 < p <n —2)

(33) Al N w) =(Ad) N .

By means of equation (1.20), (2.5) for any form ¢ of degree p 0 < p=<n-—-2)
given by

(3.4 ¢ = brpydx! @
we can easily obtain
p
[A®) ATz = = (VY Vibio)Fjjy + Ex b165:510R"F ) g
(3.5)

1,...,p
b
+ X brpisiaunR i F
s<t

P
PNw = (¢I(p)Fhiz - 21 ¢I(p :Slil)Fisjz
s=

4 1,..,p
(3.6 - 21 SriostinFii. + th PreossijnitinF t,u)
§= s

de(P) A dxh A dsz,
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[A(p A D) iyjsse = = VIV b1 Fu1)

14
+ 21 1 :s10F 1R 8+ b1yFap,R G,
s=
1,erp ,
+ G1pF ;R + E B165 510 10F 1,5, R 1,0
]
p i 14 b
. pa
+ E: P10 :810F 55, R 1,5, + ZIqS,(,,.,,,)F,,,,R 12
s= s=

14
+ 1 FaR”jy = Z b1pmaFi 1R,
s=1

1,...,p
ab
X b1t amFi R 5,
g<s

1,...,p
b
= X G1pseunFiiR,
<t

s

G7) )
- 21 G160 510 FiR” i + Fi bR, 1)
o

- 21 P1o:s10F 1. R,
s=

1,..,p
ab
= X deaasmF iR i
g<s

1,000,P
ab
= X rpsiamF iR,
s<t
1 b b
al al
- E; 105510 F iR 151 + Fpi RY;,5)

1 .05p
» ab
+ 1 s F iR+ T
<t

where T denotes the remaining terms.

In particular, for a form ¢, all of whose components are zero except ¢y, = 1
for an arbitrary fixed set I(p), we have T= 0. From equations (3.5), (3.7) it thus
follows that equation (3.3) implies

(3'8) v/ijju'z =G 1j29

where we have placed
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1,...,p
a a i.i
Gj,j, = Fap,R';, + Fj R, + E F;;,R™%,,
S

p ) p
+ 2 21 Fy, R 5, + 2 El FjuR*
s= s=

14
b i
+ FuR%j,y, — 21 F; ;,R";,
P
1,...,p . 1,...,p i
(3.9 - X F R, — X F R,
q<s s<t
p b P .
. £
-2 X FiuRY;— X Fj RY,
s=1 s=1
1,..,p . 1,...,p ..
- X Fju R ;,— X Fj; R,
q<s s<t
1,...,p .
igi
+ X FR™y,,

s<t

Similarly, for a form ¢, all of whose components are zero except @y, = x* for
an arbitrary fixed k (1 £ k < n) and set I(p), we also have T = 0. Now.at a general
point P of the manifold M" let us choose orthogonal geodesic local coordinates
x!,+,x" so that

(3.10) gi(P)=0; TP =0,

where 6;; are Kronecker deltas. Then for this form ¢, at the point P equations
(3.5), (3.7) are reduced to
]

e p
(3.11)) [(Ad) A @)iyyusn = ** z F j1iaR i

[A(P A D)1y = = 2ViFj,j = X*VIV,F;

Jt iz
(3.12) .
+ x* T F;;,R" +xG;,;,
s=1

From equations (3.11), (3.12), (3.9), (3.3), it follows immediately that V,F; ; =0
for all k, j,, j, at the point P, and hence the theorem is proved.

4. Realization of the complex: operator []. Throughout this sectionZthe
complex operator [] is defined with respect to an almost-Hermitian structure
F/ on an almost-Hermitian manifold M "unless stated otherwise. As was mentioned
in the introduction, if the structure F;’ is Kahlerian, then the complex operator []
is real and equal to 3A. In this section we shall study the converse of this relationship
between the operators [, A and the structure &,
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At first, we apply the operator [] to any form £ of degree zero. From equations
(2.28), (2.24), (2.27), (2.16), (2.19), (2.22), (2.14), (2.15), (1.20) it follows that

20¢=-2 X O/2'n ".@é
(4.1) pto=1 p,c 1,0

= A+ — V"F (= FfViE+ (- 1)V,0),
since V,V;& = V;V,¢£, which implies that Fiv* V;& = 0. Thus, with respect to
every &, [Jis real (and therefore (] = 3A), if and only if V*F,/V & =0 for every ¢,
or equivalently if and only if V"F,*= 0 by choosing ¢ to be x “for an arbitrary k.
Hence we obtain Theorem 4.1 in consequence of equation (2.8).

We next apply the operator ] to any form # of degree one. From equations
(2.24),---, (2.28), (2.16) it follows that

4.2) (@, = — @4 + I, + YDA, +11,)De,, — 1,
where we have placed

Il = si‘nnx H r1 H 81 5.:;{:)’

L =ey™ I »u" Ho,.u"eg;,f;)’ ;
4.3) I, = &% b

u
€3j1j2) r{) ! lnoaz E(uguz)

— qa1bs vy kky .
IIz - 8(1112) “1 I by Cugryd
,0 0,1

III

II iljgj ( I {il + II ijl)éiﬂjl,
1,0 0,1

1,0

(jy **+jp) indicating that the indices j;,---,j, are in the natural order. By means of
equations (2.14), (2.15), (4.3) an elementary calculation yields

I, = H;j‘ I, Jz_njnnjz

1,0 o0, 1 1,0 0,1
- HhH“-}-HhHh (]1<]2)
1,0 0,1 o,
1 i . .
(4.4a) = 7(83}?:32—8:1"'81]2'*'17 ij'Fnh"Ft,hF ) U1 <Ja)s
I2 = th]z_n Jln.iz (11<12)

1,0 1,0 1,0

]

T [gillgiljz - giljlgih + Fh‘hF;}z _ Fij‘Filh

+ J(—1)(g ) F* + g/*F, /' — g/'F, ) — g2 FIM] Gy <)
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I, = O,;* O, - O;* 0,;* (<jy)
1,0 1,0 1,0 1,0

— _;_ [gjlkgjzkl _ gjzkgjlkl + szijlkg _ Fjlijzkl
(4.4b) + (= D Fyf* + g, Fif — g5 Fp)' — g5, F;. 91 (1 <o),
I, = % (858" — 8285 + Fi*F;.1° “szij,h) (1 <J2)
4l = V, Viy, — F,'F/V, V', — F,} V. F] V',

- J(- D(F,*V, Vin;+ V., FJ Vkﬂj +FJV, vk"j)'
From equations (4.4a,b), (2.19), (2.22) we thus obtain

- 1 . . P
I, + 1L, + 1)2'41, + 11,)Dn,, = 5 (g'gi,*— &i1,'8:"%)
: é‘[gjxhgjzkl - gjzhgjjkl +‘\/( - 1)(gj1k‘szh - gjzlejlh)] * v’lrlkx (jl <j2)
1 . =
= 5 [(8ijlgi,jz - gi,“gih)9 (gj,hgjzkl + \/(— l)gj;h Fj:)vhﬂkl]

1 ; ; oy
= 5 2V'Va, = VIVin; + FVFEIVa, + FJFIV' Vg

+ FIVFM™m + (= )F VIV, = 2F; * VIV, 1
+ VF VY, — VFIVm, + FVVin)l,
which with equations (4.2), (4.4) give immediately
40ni, = — 2ViVm, + [V, Vi - thviFijvhﬂi.
+ F i,hF [V Vin;—F /V'F hh Vinj
(4.5) + F,/VFiV'+ . (- D{V'F/ VY,
- (V,F.f+ V FHVa) + 2F } ViV,
- F i;k[ Vs Vk]’lj —-F* j[ Vis vi;]"l.i}’
where
(4.6) [V V]=V,V,- V,V,
For the proofs of Theorem 4.2 and 4.3, we need the following

LeEMMA 4.1. If the complex operator [ for an almost-Hermitian structure
on an almost-Hermitian manifold M" is real with respect to all forms of degrees 0
and 1, then the structure tensor F,’ satisfies
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@.7) ViF+ V,F} = 0,
(4.8) FihRiﬂ‘, = FjiRhik[.

Proof. We first choose orthogonal geodesic local coordinates x!,---,x" at a
general point P of the manifold M", so that equations (3.10) hold. Then at the
point P for the form

4.9) n =x"dx' for any fixed distinct h and i,

all the second covariant derivatives of any of its components being vanishing,
Theorem 4.1 and the assumption that Im ([Jn) = 0, Im denoting the imaginary
part, imply immediately equation (4.7). Thus for general local coordinates
x!,+--,x" and a general form 7 of degree 1, from equation (4.5) we can reduce the
condition Im ((Oy);, =0 to

(4.10) 2ij V"Vkr],-l - Fhk[ Vj, V,‘]r]j -— ij[ V,‘, vil]']j = 0.
By using the Ricci identity for any tensor ¢, ® of type (p,q)

14 . q
(4°11) [ vb vk]¢](q)1(p) = zl ¢J(q)1(?:3|a)R l’akl - Zl ¢J(q;?|b)l(p)ij,kb
s= t=

and the Bianchi identity
4.12) Rhijk + thki + thij =0,
and noticing that

2ij Vjvk'hl = ij[ Vi Vidni,

an elementary calculation from equation (4.10) gives readily equation (4.8).
Hence the lemma is proved.

It should be noted that due to equation (4.7) F;; is a Killing tensor (for this see,
for instance, [8]), and it is well known that on the 6-sphere S° there exists an
almost-Hermitian structure [2], whose tensor is a Killing tensor [3]. It is also well
known that the relation (4.8) holds automatically for a Kahlerian structure F,’
In fact, by means of the identity (4.11) we have

4.13) 0= [vb vk]F ij =F iaRjakl —F bijikl'

Multiplication of equation (4.13) by g™g;,, leads immediately to equation (4.8).
For the proof of Theorem 4.2, we first use the identity (4.11) and equations
(4.8), (2.1), (4.7) to obtain

[vj’ vi;]nj = ”aRail = thFU[ vh’ Vi]'l_b
4.14) —F!V'F "V, + F 'V FI V',
= F‘]vhﬂj(thh‘ - viFilh) =2Fijthi1ivh’1j°
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Then from equations (4.5), (1.20), (4.13) and Theorem 4.1 it follows that
(4.15) 20, = (An)y, + FIVFy| V.

As before, by choosing orthogonal geodesic local coordinates x?, ---,x" at a general
point P of the manifold M" and considering the form # given by equation (4.9),
from equation (4.15) we readily see that the condition [J = 3A implies that

(4.16) F/!V';’=0 for each i,,i,h.

Multiplication of equation (4.16) by F;* and use of equation (2.1) thus give
V"F* =0 for each iy, h, k, which completes the proof of Theorem 4.2.

Finally we apply the operator [] to any form { of degree two. From equations
(2.24),---,(2.28), (2.16) it follows that

(O, = — AV, + IV, + IV, +IV,) 2'(V; + V, + V) Dl
(4.17) o
— (VI + VI)2,(VIL, + VII, + VII)2) {4 105

where we have placed

AR il SR e W Tl
(4.18) 1,0 1,0 1,0
mym .
IVZ = Sii:izzm I mxrl II mz’z I nxslagxl!zz)ﬁ)’
1,0 1,0 0,1
— 618243 uy uz u3 k(k1k2)
Vi = g " T, ™ I e
(4.19) 1,0 1,0 ,0
— pa1a2b1 u uz v1k(kik2) .
V2 = &(j1j2is) I ay t I az I by l":(lmlz)lu’
1,0 1,0 0,1
m
VI =& I, 0,7,
(4.20) 1, 0

VI, = &t I, I0,%e;
1,0 0,1
a kik
VIL = g I, I1,"eGu3,
(4.21) 1,0 1,0
VIIZ = 8?;'?' H‘ul‘l r{luvlaflkl:)k:)'

By means of equations (2.14), (2.15), (4.18) an elementary but rather lengthy
calculation gives

4.22) IVy + IV, + IV, + IV, = 241209
where AJ}J23 is skew-symmetric in j,, j,, j3 and given by
(4.23); {g,jizfa = gilhgizjsgij‘ - gijlgizjzgi.h - ghhgihgizh

+ gizflgiizg“fs + gil.i:gizizgijs _ gizjlghjzgija'
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From equations (4.19), (4.22) it follows that
(424) (IVy + IV, + 1V, + VDYV, + V, + V) = M9 (4, + 4, + 4),

where
A = M,f Hjh IT ;, (ky < k),
l 0 l’
(4.25) A, =IO} mp mbe—-m,* ok o,k
1,0 1,0 0,1 1,0 1,0 0,1

J1

+ 11'{) | Hljj‘ (ky < k).

Substituting equations (2.14), (2.15) in equations (4.25) we can easily obtain
BAIIH(Ay + Ay + Ay) = ML [7g jikg jzklg j: 2
+ g fF; M F; )+ g M F FF R 4 g o R R
4.26)!
( 6) + \/(—1)(F' kF'le‘kz_gjlkgjzlej3kz
= & g]stfz —ng gjstj )] (ky < k),
and therefore
{if?f’(Al +4;+4,) le
4.27)

{;{xz{s(gjlhgjzhglg - \/( - l)gjzklg] kZF h (kl < kZ)'

Making use of equations (2.19), (2.22), (4.23), (4.24), (4.27) we thus have
4 Im[(IV, + IV, + IV, + IV))Z'(V, + V, + V)P, Lien]
= 2F"VIN i, + FVIV L, = FVIV g,
— VPV, + VFL ", — VI Vil
+ F ' V', — F' V' Vi,
Similarly, by means of equations (4.20), (4.21), (4.3), (4.4), (2.19), (2.22) we obtain

(4.28)

1
VI, + VIL)9; = 5 [gifgf* — g.fa:l
(4.29)

+ \/ (_ 1)(g11j1Fi - 8i “Fuk)] vk’
Vi [(VIL, + VII, +V_Iil)@iC(k1kz)] = V(g™ gjl - gjl 1g})D C(k,kz)]
(4.30) 1 ‘ '
=35 [vkthhh - \/( - 1)(Fhlvkthijl + V\.Fy thij‘)]a
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from which it follows that
4 Im[(VI, + VI,)2,(VIL, + VIL, + VII)Z"C 4 10]
(4.31) =~ F/Vy Vi, — Vi F V', + FFV, Vi,
+ VioFd V', + F' VYV — F VYV,
Substitution of equations (4.28), (4.31) in equation (4.17) thus yields
4 Im(00)s,;, = VIF"Vilis, — (Vo Ff + VF DV
+ (ViF + VL FYE L+ 2F IV,
+ F[ Vi, Vi, + F*[ Y}, Vi X,
+ &F M Vi, V10, + 87F V41w,

(4.32)

On the other hand, by using equation (4.8) and the identities (4.11), (4.12) we
can obtain

2Fj hv jthhiz = th[ vi’ vh]cil iz
= 2Fi1jthChiz + 2Fisz.ihCil"’

FMV:, Vil = — FiJRM, — FGR
(4.33) ijthR'jmz = Fﬂ{lkRkjiliz = - ijthR'ﬁ,iz =0,
ij[ Vi Vi, = — Fiszthz,h + ijCszlizji,,
gF Vi Villu, = = Fi/R/, — FIUR s
g§IF IV, Vil = — F IR+ FyCIR" iy

Theorem 4.1 and equations (4.7), (4.33) thus reduce the right side of equation
(4.32) to zero, and hence Theorem 4.3 is proved.
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